The main purpose of this paper is to show how to obtain rigidity theorems with the help of curvature invariants in submanifolds of a semi-Riemannian manifold. For this purpose, the bounded sectional curvature is introduced and some special submanifolds of r-lightlike submanifolds of a semi-Riemannian manifold are investigated.
Introduction
In , Kulkarni [] proved that the sectional curvature of a semi-Riemannian manifold M is unbounded from above and below at each point unless the manifold has constant sectional curvature. Later, Nomizu [] showed that if there exists a real number d such that at any point p ∈ M, the sectional curvature K( ) of a -plane section satisfies
then M is of constant sectional curvature. In [], Dajczer and Nomizu, and in [], Harris remarked that if the absolute value of the sectional curvature |K( )| is bounded for all timelike -planes (or for all spacelike -planes ) at p ∈ M, then M is of constant sectional curvature.
In Riemannian geometry, there are various relations between the intrinsic and extrinsic curvature invariants of a submanifold, known as Chen inequalities, in the literature [-] . But different from the Riemannian context, from the Kulkarni result, it is too restrictive to relate the intrinsic invariant of a submanifold with the extrinsic ones for a submanifold of a semi-Riemannian manifold. This reveals the necessity to re-investigate or modify the domain of sectional curvature map in semi-Riemannian geometry and lightlike geometry. For this purpose, the authors showed in [, ] that the domain of the sectional curvature map in a Lorentzian manifold is not a linear subspace as it was used in the literature but it is a polynomial subspace of a projective vector space which makes it possible for the sectional curvature map on any Lorentzian manifold to be bounded. This is revolutionary information which might lead one to require a revision for many studies related to the sectional curvature map in semi-Riemannian geometry and lightlike geometry.
In this paper, we extend this modified sectional curvature from Lorentzian manifolds to semi-Riemannian manifolds under the name of 'bounded sectional curvature' . We introduce some special r-lightlike submanifolds and establish some relationships involving intrinsic curvatures and extrinsic curvatures for r-lightlike submanifolds of a semiRiemannian manifold.
Preliminaries
Let ( M,g) be a real ( m +ñ)-dimensional semi-Riemannian manifold, whereñ ≥ , m >  withg a semi-Riemannian metric on M of constant indexq ∈ {, . . . , m +ñ -}. Suppose (M, g) to be anñ-dimensional lightlike submanifold of ( M,g) where g denotes the restriction ofg to M which we assume be degenerate. Then there exists a smooth distribution, called radical space of the tangent space T p M at p ∈ M, defined by
where
Let us consider the rank of Rad T p M to be r (r > ),ñ = n + r (n ≥ ), and m = n + m + r (m ≥ ). Then there exist the following four possible cases: 
where ⊕ orth denotes the orthogonal direct sum and ⊕ denotes the direct sum, but it is not orthogonal. For any r-lightlike submanifold, there exists a local quasi-orthonormal frame field {ξ  , . . . , ξ r , e  , . . . , e n , N  , . . . , N r , u  , . . . , u m } on a local coordinate neighborhood of U of M such that this basis satisfies the following relation:
where δ ij is the Kronecker delta function and
Let ∇ be the Levi-Civita connection of M and P be the projection morphism of (TM) to (S(TM)). The Gauss and Weingarten formulas are given by 
for all X, Y ∈ (TM) and it is called totally umbilical [] if there exists a smooth transversal vector field H ∈ (tr(TM)) such that
for all X, Y ∈ (TM). Let {e  , . . . , e n } be an orthonormal basis of (S(TM)). Consider
where ε i = g(e i , e i ), ε α = g(e α , e α ) for any i ∈ {, . . . , n} and α ∈ {, . . . , m}. The mean curvature vectors on TM and on (S(TM)) at p ∈ M, denoted by H(p) and H * (p), are given by
respectively. From equation (), we can see that the submanifold is minimal if and only if H(p) vanishes identically and
Let us denote curvature tensors of the ambient manifold and the submanifold by R and R, respectively. Then the following relation between these tensors holds:
Then the sectional curvature at p is expressed by
We note that since C l is not symmetric, the sectional curvature map does not need to be symmetric on any lightlike submanifold of a semi-Riemannian manifold [] . Now, we recall the following result [] .
Theorem  Let (M, g, S(TM)) be an r-lightlike submanifold of a semi-Riemannian manifold ( M,g). Then the following assertions are equivalent:
(iii) A N is self-adjoint on (S(TM)) with respect to g.
As a consequence of Theorem , we obtain the following theorem.
Theorem  Let (M, g, S(TM)) be an r-lightlike submanifold of a semi-Riemannian manifold ( M,g). The sectional curvature map is symmetric if and only if S(TM) is integrable.

Bounded sectional curvature
We start by taking into consideration a quotient space given by for all ∈ ∧  S(TM). We note that equation () holds because of the property of antisymmetry of the wedge product. Thus, we have
Now, we consider the space of planes in S(TM). It is well known that any vector pair spanned a plane section in S(TM) are related by a general linear group GL(, R). Therefore, the space of planes in S(TM), denoted by the Grassmanian G r  (S(TM)), is given by
Since the Grassmanian can be embedded into the real projective space P(∧  S(TM)) but is not embedded into the space ∧  S(TM) (this embedding is also known as the Plücker embedding []) it can be written
Eventually, if S(TM) is semi-Riemannian, then the sectional curvature map is defined by
In the case of S(TM) is Riemannian, then G( , ) =  for all ∈ P(∧  S(TM)) and thereby the sectional curvature map in the Riemannian context is given by
As a consequence of the above information, we give the following definition.
Definition  Let (M, g, S(TM)) be an (n + r)-dimensional r-lightlike submanifold of an m-dimensional semi-Riemannian manifold ( M,g) and S(TM) be integrable. The map
which is defined by which implies that K( ) is independent of the choice of basis on , it is well defined and both bounded from above or bounded from below.
Special lightlike submanifolds
We begin this section with the following definition of [, ].
Definition  Let ( M, g) be an m-dimensional semi-Riemannian manifold of indexq. A distribution on M is called maximally timelike if it is timelike and has rankq. A distribution on M is called maximally spacelike if it is spacelike and has rank ( m -q).
Now, we recall the following theorem and proposition of Baum in [].
Theorem  (Existence of maximally timelike-spacelike distributions) Let ( M,g) be a semiRiemannian manifold. Then there is ag-orthogonal decomposition such that T M = V ⊕ orth H, where V is a maximally timelike and H is a maximally spacelike distribution on M.
Proposition  (Maximally timelike-spacelike distributions are isomorphic) Let ( M,g) be a semi-Riemannian manifold. Every maximally timelike (or spacelike) distributions on M are isomorphic as smooth vector bundles over M.
Let (M, g, S(TM)) be an (n + r)-dimensional r-lightlike submanifold and S(TM)
be an integrable distribution of index q. Consider {e  , . . . , e q , e q+ , . . . , e n } to be an orthonormal basis of S(TM). Then there exists a g-orthogonal decomposition given by
where V = Span{e  , . . . , e q } is the maximally timelike distribution and H = Span{e q+ , . . . , e n } is the maximally spacelike distribution. The aforementioned concepts can be constructed on the coscreen distribution S(TM ⊥ ).
Let V be a maximally timelike and V be a maximally spacelike distributions on S(TM ⊥ ).
Then there exists also ag-orthogonal decomposition of S(TM ⊥ ) given by
where V = Span{ẽ  , . . . ,ẽq}, H = Span{ẽq + , . . . ,ẽ m }. From (), we can write
for all X, Y ∈ TM. Now, we shall state some special r-lightlike submanifolds definitions.
Definition  Let (M, g, S(TM)) be an r-lightlike submanifold of a semi-Riemannian manifold ( M,g) of index (q +q) and S(TM)
be an integrable distribution of index q. The submanifold will be called:
l ∈ {, . . . , r}.
We also note that the submanifold is: 
It is easy to see that e  , e  , e  are timelike unit vectors, e  , e  , e  are spacelike unit vectors and M is a -lightlike submanifold with screen distribution S(TM) = Span{e  , e  , e  }, Rad(TM) = Span{ξ  }, ltr(TM) = Span{N  }, and S(TM ⊥ ) = Span{e  , e  , e  }.
Here, we have also
where V = Span{e  , e  } and H = Span{e  } and
where V = Span{e  } and H = Span{e  , e  }. By a straightforward computation, we have B = C =  and
Thus, we have
which shows that the submanifold is not timelike V-geodesic and spacelike V-geodesic but it is timelike H-geodesic, spacelike H-geodesic, and mixed geodesic.
Similarly, examples for the other cases can be given.
Some relations for r-lightlike submanifolds
We begin this section with the following definition.
Definition  Let (M, g, S(TM)) be an (n + r)-dimensional r-lightlike submanifold of a semi-Riemannian manifold and S(TM) be an integrable distribution of index q. The bounded screen Ricci tensor, denoted by Ric S(TM) , is defined by
for any X, Y ∈ (S(TM)).
Suppose {e  , . . . , e n } be an orthonormal basis of (S(TM)). The bounded screen Ricci curvature at a unit vector e i ∈ (S(TM)), denoted by Ric S(TM) (e i ), is given by Taking the trace in () with respect to S(TM) and putting () in it, we have the following result. (a)
